The interplay between shape anisotropy and directed long-range interactions enables the self-assembly of complex colloidal structures. As a recent highlight, ellipsoidal particles polarized in an external electric field were observed to associate into welldefined tubular structures. In this study, we investigate systematically such directed self-assembly using Monte Carlo simulations of a two-point-charge model of polarizable prolate ellipsoids. In spite of its simplicity and computational efficiency, we demonstrate that the model is capable of capturing the complex structures observed in experiments on ellipsoidal colloids at low volume fractions. We show that, at sufficiently high electric field strength, the anisotropy in shape and electrostatic interactions causes a transition from 3-dimensional crystal structures observed at low aspect ratios to 2-dimensional sheets and tubes at higher aspect ratios. Our work thus illustrates the rich self-assembly behavior accessible when exploiting the interplay between competing long-and shortrange anisotropic interactions in colloidal systems.
Introduction
Mesoscopic self-assembly is a key principle underlying all biological systems, taking place in for example membrane formation, DNA packing and the assembly of cytoskeletal filaments.
1
Partially inspired by these principles, the self-assembly of synthetic colloidal particles has become a very active research field over the last decades, both because of their suitability as simple model systems and due to their potential applications as building blocks for functional materials.
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The colloidal self-assembly process can be tuned both through the colloidal design, i.e., the size, shape and material properties of the building blocks, and by controlling the magnitude of the interparticle interactions. In addition to these control parameters, the application of external stimuli, through for example external fields, fluid flows, or patterned surfaces, enables further manipulation and control of the resulting structures through the so-called directed self-assembly (DSA).
2 One such example is the self-assembly of polarizable colloids using an external electric [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] or magnetic [24] [25] [26] [27] [28] [29] [30] [31] field. The application of a uniform external field causes a net polarization of the colloids, which for a single spherical particle is exactly described by an ideal dipole placed at the center of the particle. 32 The interaction between the induced dipole moments will thus lead to the formation of higher order structures such as dipolar strings and, for higher densities and field strengths, networks and crystals. 10, 12, [14] [15] [16] [17] 23 For non-spherical colloids, such as spherocylinders and ellipsoids, the phase diagram becomes even richer due to the interplay between electro-or magnetostatic interactions, which now need to be described by including higher-order terms in the multipole expansion, and orientation-dependent excluded volume interactions. 11, 13, 18, 20, 22 In particular, it was recently shown that prolate ellipsoids could reversibly assemble into well-defined microtubules under the application of an AC electric field.
18
Due to the complexity of electrostatic interactions between anisotropic polarized bodies, the phase behavior of such colloids remains challenging to explore. A few studies have so far computationally investigated DSA of non-spherical particles such as spherocylinders, 13, 20 ellipsoids 11,18 and "superballs" 21 using external electric or magnetic fields. While ellipsoidal particles are geometrically rather close to spherocylinders, the tubular phase observed for ellipsoids does not appear in the latter case. 20, 33 This indicates an intricate interplay between shape anisotropy and directional electrostatic interactions. In this study, using Monte Carlo simulations, we report a systematic numerical investigation of DSA of polarized ellipsoids in an external electric field at relatively low volume fractions φ ≤ 0.1, corresponding to an experimentally relevant parameter range. We discuss the use of different particle models and compare their two-body energy landscapes, demonstrating the crucial role played by electric moments higher than the dipole when dealing with non-spherical colloids, as using a purely dipolar potential gives erroneous results for anything but small aspect ratios. We then present the simulated state diagram as a function of aspect ratio and field strength and compare it to the experimental observations made in Ref. 18 . We show that all the experimentally observed structures (1-dimensional strings, 2-dimensional sheets and tubes, and 3-dimensional crystals and aggregates) are reproduced using a simplified model of polarized ellipsoids, consisting of only two point charges of properly adjusted magnitude and separation. Our results highlight the rich self-assembly behavior accessible when exploiting the combination of orientation-dependent excluded volume and long-range electrostatic interactions.
Model description and validation
We consider a prolate ellipsoidal particle with long axis a and short axes b = c made of a dielectric material with dielectric permittivity p immersed in a medium of dielectric permittivity m ; see Fig. 1a . The system is subjected to an external electric field E 0 of magnitude E 0 . Due to the difference in dielectric permittivities between the particle and the medium, the particle becomes polarized and aligns its long axis with the external field. In ellip- Angle θ min between two adjacent parallel ellipsoids at their minimum-energy configuration as a function of their aspect ratio ρ using the four models described in panels (f-i) and in the text. Note that the symbols in (e) do not represent the full set of data points, but are for labelling purposes only.
soidal coordinates (ξ, η, ζ), the electrostatic potential outside the ellipsoid resulting from the polarization charge density can be expressed as
where ϕ 0 is the unperturbed external potential and f (s) = (s + a 2 ) (s + b 2 ) (s + c 2 ). The electrostatic potential map around a polarized ellipsoid with aspect ratio ρ = a/b = 3.3
is shown in Fig. 1b . Directly using the potential of Eq. (1) for simulating a collection of particles quickly becomes computationally demanding, especially if many-body polarization between particles is taken into account. Thus, we now adopt a model where the potential in Eq. (1) is approximated by the potential stemming from two opposite point charges ±q separated by a distance 2d (Fig. 1a) , as has previously been adopted for the modeling of polarized spherocylinders 13, 20 and ellipsoids. 18 In an AC electric field, the polarization of the particles is predominantly determined by the conduction of counterions in or at the surface of the microgel layer and thus follows the Maxwell-Wagner-O'Konski mechanism. 
Note that, apart from using an approximation for the potential of Eq.
(1), we furthermore assume that (i ) the particles are fully aligned in the electric field,
i.e., the coupling with the field is not explicitly included in the simulations, and (ii ) that the many-body polarization between particles is neglected and the charge distribution of the particles remains fixed.
In order to validate our model and illustrate the importance of shape anisotropy at the two-particle level, in Fig. 1e we evaluate the contact angle θ min between two adjacent ellipsoids with fixed orientation at their minimum energy configuration as a function of their aspect ratio ρ. The results clearly show that using a purely dipolar potential, corresponding to an ideal dipole at the center of each ellipsoidal shell (Fig. 1f ) , fails to capture the non-monotonic behavior of θ min against ρ observed for two uniformly polarized ellipsoids (Fig. 1h) . The two-charge model (Fig. 1i) , however, captures this behavior, being similar to the corresponding curve for two uniformly polarized ellipsoids. (Note, however, that these results do not include the change in the local field due to mutual polarization.) In Fig. 1g , we also discuss the model formerly proposed by Singh et al., 37 which considers one uniformly polarized ellipsoid interacting with a point dipole inside an ellipsoidal shell. This model qualitatively captures the non-monotonicity of θ min , but strongly overestimates the contact angles at minimum electrostatic energy for all aspect ratios. We furthermore notice that, for all four models, there is a distinct value of ρ below which θ min = 0, corresponding to the "head-to-tail" configuration preferred for dipolar spheres. 10, 14 The value of ρ where θ min goes from zero to positive thus roughly marks the point where the effects of particle anisotropy will start dominating the observed structures; for the two-charge and uniformly polarized models, this transition occurs at aspect ratios of ρ ≈ 1.8 and ρ ≈ 2.1, respectively.
Simulation details
We performed Monte Carlo (MC) simulations of systems of monodisperse, hard ellipsoids in the canonical (constant N, V, T ) ensemble using the MOLSIM package. 38 Periodic boundary conditions were applied in all three dimensions, and the three box dimensions were held fixed at L x = L y = 36R 0 in the x and y directions (perpendicular to the applied field) and L z = 60R 0 in the direction parallel to the field, where R 0 ≡ [(3/4π)V p ] 1/3 is the particle radius for ρ = 1, i.e., before the isochoric transformation from a sphere to an ellipsoid (see further the Model Description section). The particle long axis a was fixed parallel to the z axis (representing the direction of the external field), while the particle positions were evolved through single-particle trial translational moves. All simulations were run for 10
7
MC cycles, where each cycle consists of one trial move per particle, and hard ellipsoid overlap was checked following Perram and Wertheim. 39 The volume fractions of the simulations were fixed to φ = 0.054 unless otherwise stated. In addition to their excluded volume potential, particles interact through the electrostatic energy U el obtained by a pairwise summation over the (unscreened) Coulombic interaction between all sites i and j:
where the sum runs over all charges q i in the system, excluding the interaction between sites on the same particle, and r ij is the separation between sites i and j. The long-range part due to the periodic boundaries was included into U el using the Ewald summation technique.
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To elucidate why, for large enough aspect ratios, we start observing 2D structures (sheets and tubes) instead of 3D crystals, we furthermore performed energy minimizations (i.e., corresponding to the limit T → 0) as follows. The particles were arranged into the respective candidate structures (see Fig. 2 ) and their lattice parameters were expressed using two degrees of freedom chosen based on the symmetries of these crystal structures. The electrostatic energy of the lattice was then minimized by shrinking and expanding the structure through these two degrees of freedom, using Powell's method 41 by defining the maximum number of iterations and the desired fractional tolerance. As in the case of MC simulations, we used periodic boundary conditions and the long-range electrostatic interactions were handled using the Ewald summation technique.
Simulation results
Having established the accuracy of our two-charge model, in order to study the self-assembly behaviour of the system we performed Monte Carlo simulations as described in Section .
We will present the simulation results in terms of the dimensionless electrostatic coupling parameter ∆, defined by
where k B is Boltzmann's constant and T the absolute temperature. ∆ quantifies the strength of the electrostatic coupling, and can be identified as the leading-order dipole-dipole coupling between two ellipsoids in a side-by-side configuration, divided by ρ and normalized by k B T .
As the physically relevant quantity is the ratio of U el and k B T , rather than each quantity separately, the dimensionless quantity ∆ is sufficient to describe the strength of electrostatic interactions and thus the physics of the system. In experiments, ellipsoids were found to align at essentially the same field strength irrespective of ρ. In the following, we will thus assume that the dipole moment qd is independent of ρ at fixed external field, implying that ∆ is also constant, since the particle volume V p was not changed when changing the particle aspect ratio. We furthermore have that ∆ is directly proportional to E sheets and microtubules. At lower aspect ratios, the stable state is instead a body-centered tetragonal (BCT or BCO) crystal, as has been observed and theoretically predicted several times before for spherical particles in an electric field. 10, 12, 14, 17, 23 The transition from crystals to sheets and tubes approximately coincides with the aspect ratio (ρ ≈ 1.5) above which the head-to-tail configuration of two particles is no longer favorable, with a small region where we observe coexistence between crystallites and sheets or tubes. Interestingly, such coexistence was previously observed for slightly anisotropic bowl-shaped particles with an effective aspect ratio of about 1.4.
22
We can obtain an approximate mapping between the coupling strength ∆ and the field strength E 0 by assuming that the particles are polarized solely along their long axis, and considering that particles then are expected to align at an interaction energy of 1 2 µ ind E 0 ≈ k B T , where µ ind is the induced dipole moment. 42 In experiments, we observe alignment at
Cm at this field strength.
We then use the measured hydrodynamic radius of the spherical particles (R H = 537 nm 18 ) to define V p , which through Eq. (3) yields √ ∆ ≈ 0.9. Particle assembly is furthermore observed in experiments for E 0 50 kV/m, which thus corresponds to √ ∆ 1.7, in excellent agreement with the observed onset of string formation in simulations (see Fig. 2a ).
We note that, in our simulations, sheets and tubes often coexist, and several different realizations of the same simulation conditions might give either (or both) structures. To shed light on the transition from 3D (crystals) to 2D (sheets and tubes) structures by increasing the aspect ratio ρ, in Fig. 2d ,e we analyze the electrostatic energy, i.e., corresponding to the limit T → 0, of these different structures for two different values of ρ. Figure 2d shows that the face-centered orthorhombic (FCO) crystal structure is higher in energy than the sheet and tube structures for small aggregate sizes, which supports the absence of crystal formation for high-aspect ratio ellipsoids at low φ. In contrast, in the near-spherical case (ρ = 1.01, Fig. 2e ) the BCT crystal structure is the energetically favored state for all structure sizes.
This observation, together with the observation that the FCO crystalline state appears to be the state of minimum energy for large aggregates (corresponding to the thermodynamically favored phase for strong electrostatic coupling), indicates that the sheet and tube structures are likely to be the result of kinetic trapping in a local free energy minimum. Furthermore, the fact that tubes are less frequently observed in simulations than in experiments (see snapshots in Fig. 2c) , while large sheets are not observed in experiments, is likely due to the fact that the MC chain consists solely of single-particle translational moves, which will not accurately sample the collective displacements needed for tubular formation.
Next, the nearest-neighbor angle θ as function of ρ obtained at ∆ = 3.0 and φ = 0.054
is shown in Fig. 3 , and is compared to the experimental values reported by Singh et al.
37
for polystyrene ellipsoids and for composite microgels with ρ = 3.3 assembled in tubes 18 or sheets 43 (Note that θ could not be determined for the other aspect ratios due to the larger 
Conclusions
In this study, we have presented Monte Carlo simulations of a two-charge model of polarizable ellipsoidal colloids in an external electric field. The simulated state diagram at low volume fractions is qualitatively very similar to the one observed in experiments, exhibiting a rich phase behavior comprising strings, sheets, tubes, and crystals. The fact that the experimental structures are accurately captured by our simplified model further indicates that the effect of including many-body interactions due to varying local electric fields will at most have a quantitative effect on the state behaviour (see further 10, 13 ), although it might partially explain the fact that tubes occur more frequently in experiments than in simulations. This is particularly encouraging given the high computational cost of such many-body interactions, which would require an iterative procedure to obtain the charge distribution on every MC step.
Our results furthermore show that the particle anisotropy as measured through the aspect ratio ρ is a key parameter in determining the transition from crystals (ρ ≤ 1.5) to sheets and tubes (ρ ≥ 1.5), due to the minimum energy configuration of adjacent particles shifting from the head-to-tail configuration favored for small aspect ratios to association of two adjacent particles at a non-zero angle for ρ ≥ 1.5. This behavior is distinctly different from that observed for polarized spherocylinders, where the head-to-tail configuration continues to be favored even for large aspect ratios at the two-particle level, thus leading to a different state diagram. 13, 20, 33 Our results therefore highlight how subtle details of anisotropic steric interactions can be used in conjunction with long-range anisotropic interactions to yield new routes to directed self-assembly at the mesoscopic scale.
